We study static, spherically symmetric, self-gravitating systems minimally coupled to a scalar field with U (1) gauge symmetry: charged boson stars. We find numerical solutions to the EinsteinMaxwell equations coupled to the relativistic Klein-Gordon equation. It is shown that bound stable configurations exist only for values of the coupling constant less than or equal to a certain critical value. The metric coefficients and the relevant physical quantities such as the total mass and charge, turn out to be in general bound functions of the radial coordinate, reaching their maximum values at a critical value of the scalar field at the origin. We discuss the stability problem both from the quantitative and qualitative point of view. Taking properly into account the electromagnetic contribution to the total mass, the stability issue is faced also following an indication of the binding energy per particle, verifying then the existence of configurations having positive binding energy: objects apparently bound can be unstable against small perturbations, in full analogy with what observed in the mass-radius relation of neutron stars.
I. INTRODUCTION
Spherically symmetric charged boson stars are solutions of the Einstein-Maxwell system of equations coupled to the general relativistic Klein-Gordon equations of a complex scalar field with a local U (1) symmetry. The study of the phenomena related to the formation and stability of self-gravitating systems is of major interest in astrophysics. It has been conjectured, for instance, that a boson star could model Bose-Einstein condensates on astrophysical scales [1] [2] [3] [4] [5] [6] [7] [8] . The collapse of charged compact objects composed by bosons could lead in principle to charged black holes (see e.g. [9, 10] and also [11] ). Compact boson objects play an important role in astrophysics since these configurations may represent also an initial condition for the process of gravitational collapse [12] ; see also [13] for a recent review. Moreover, boson stars have been shown to be able to mimic the power spectrum of accretion disks around black holes (see, for example, [14] ). Scalar fields are also implemented in many cosmological models either to regulate the inflationary scenarios [15] [16] [17] [18] or to describe dark matter and dark energy (see e.g. [19] [20] [21] [22] ). On the other hand, in the Glashow-Weinberg-Salam Standard Model of elementary particles, a real scalar particle, the Higgs boson, is introduced in order to provide leptons and vector bosons with mass after symmetry breaking; in this respect, the latest results of the Large Hadron Collider experiments [23] reflect the importance of the scalar fields in particle physics. Scalar fields are also found within superstring theories as dilaton fields, and, in the low energy limit of string theory, give rise to various scalar-tensor theories for the gravitational interaction [24] .
Ruffini and Bonazzola [25] quantized a real scalar field and found a spherically symmetric solution of the EinsteinGordon system of equations. The general relativistic treatment eliminates completely some difficulties of the Newtonian approximation, where an increase of the number of particles corresponds to an increase of the total energy of the system until the energy reaches a maximum value and then decreases to assume negative values. It was also shown in [25] that for these many boson systems the assumption of perfect fluid does not apply any longer since the pressure of the system is anisotropic. On the other hand, this treatment introduces for the first time the concept of a critical mass for these objects. Indeed, in full analogy with white dwarfs and neutron stars, there is a critical mass and a critical number of particles and, for charged objects, a critical value of the total charge, over which this system is unstable against gravitational collapse to a black hole.
In [26] [27] [28] the study of the charged boson stars was introduced solving numerically the Einstein-Maxwell-KleinGordon equations. In [27] charged boson configurations were studied for non singular asymptotically-flat solutions. In particular, it was shown the existence of a critical value for the central density, mass and number of particles. The gravitational attraction of spherically symmetric self-gravitating systems of bosons (charged and neutral) balances the kinetic and Coulomb repulsion. On the other hand, the Heisenberg uncertainty principle prevents neutral boson stars from a gravitational collapse. Furthermore, in order to avoid gravitational collapse the radius R must satisfy the condition R ≥ 3R S where R S is Schwarzschild radius [29, 30] . On the other hand, stable charged boson stars can exist if the gravitational attraction is larger than the Coulomb repulsion: if the repulsive Coulomb force overcomes the attractive gravitational force, the system becomes unstable [29, [31] [32] [33] [34] . Moreover, as for other charged objects, if the radius of these systems is less than the electron Compton wavelength and if they are super-critically charged, then pair production of electrons and positrons occurs.
These previous works restricted the boson charge to the so-called "critical" value (in Lorentz-Heaviside units) q 2 crit = 4π (m/M Pl )
2 for a particle of mass m where M Pl is the Planck mass. This value comes out from equating the Coulomb and gravitational forces, so it is expected that for a boson charge q > q crit , the repulsive Coulomb force be larger than the attractive gravitational one. However, such a critical particle charge does not take into account the gravitational binding energy per particle and so there may be the possibility of having stable configurations for bosons with q > q crit .
Thus, in this work we numerically integrate the coupled system of Einstein-Maxwell-Klein-Gordon equations, focusing our attention on configurations characterized by a value of the boson charge close to or larger than q crit . We will not consider the excited state for the boson fields, consequently we study only the zero-nodes solutions.
We here show that stable charged configurations of self-gravitating charged bosons are possible with particle charge q = q crit . In addition, it can be shown by means of numerical calculations that for values q > q crit localized solutions are possible only for values of the central density smaller than some critical value over which the boundary conditions at the origin are not satisfied. We also study the behavior of the radius as well as of the total charge and mass of the system for q ≃ q crit .
The plan of the paper is the following: In Sec. II, we set up the problem by introducing the general formalism and writing the system of Einstein-Maxwell-Klein-Gordon equations for charged boson stars. In Sec. III, we discuss the concepts of charge, radius, mass and particle number. In Sec. IV, we show the results of the numerical integration. Finally, in Sec. V, we summarize and discuss the results. To compare our results with those of uncharged configurations, we include in the Appendix the numerical analysis of the limiting case of neutral boson stars.
II. THE EINSTEIN-MAXWELL-KLEIN-GORDON EQUATIONS
We consider static, spherically symmetric self-gravitating systems of a scalar field minimally coupled to a U (1) gauge field: charged boson stars. The Lagrangian density of the massive electromagnetically coupled scalar field Φ, in units with = c = 1, is
where g ≡ det g µν , m is the scalar field mass and D µ ≡ ∇ µ + ıqA µ , where the constant q is the boson charge, ∇ stands for the covariant derivative, the asterisk denotes the complex conjugation, A µ is the electromagnetic vector potential, while F µν = ∂ µ A ν − ∂ ν A µ is the electromagnetic field tensor [28, 35, 36] . We use a metric g µν with signature (+, −, −, −); Greek indices run from 0 to 3, while Latin indices run from 1 to 3. Therefore the total Lagrangian density L for the field Φ minimally coupled to gravity and to a U (1) gauge field is
where R is the scalar curvature,
is the Planck mass, and G N is the gravitational constant. The Lagrangian density is invariant under a local U (1) gauge transformation (of the field Φ). The corresponding conserved Noether density current J µ is given by
while the energy-momentum tensor T µν is
In the case of spherical symmetry, the general line element can be written in standard Schwarzschild-like coordinates (t, r, ϑ, ϕ) as
where ν and λ are functions of the radial coordinate r only. Since we want to study only static solutions, the metric and energy-momentum tensor must be time-independent even if the matter field Φ may depend on time. Then, we set the following stationarity ansatz [29, [37] [38] [39] [40] Φ(r, t) = φ(r)e ıωt ,
where φ is in general a complex field. Equation (6) describes a spherically symmetric bound state of scalar fields with positive (or negative) frequency ω. Accordingly, the electromagnetic four-potential is A µ (r) = (A t (r) = A(r), A r = 0, A θ = 0, A ϕ = 0). From Eq. (4) we obtain the following non-zero components of the energy-momentum tensor T µ ν :
where the prime denotes the differentiation with respect to r. Let us note from Eqs. (7-9) that the energy-momentum tensor is not isotropic. Finally, the set of Euler-Lagrange equations for the system described by Eq. (2) gives the two following independent equations for the metric components:
which are equivalent to the Einstein equations G 
and the Klein-Gordon equation is
In order to have a localized particle distribution, we impose the following boundary conditions:
We also impose the electric field to be vanishing at the origin so that
and we demand that
Furthermore, we impose the following two conditions on the metric components:
Equation (17) implies that the spacetime is asymptotically the ordinary Minkowski manifold, while Eq. (18) is a regularity condition [26] . We can read Eqs. (10) (11) (12) (13) , with these boundary conditions, as eigenvalue equations for the frequency ω. They form a system of four coupled ordinary differential equations to be solved numerically.
It is also possible to make the following rescaling of variables:
in order to simplify the integration of the system [9, 26] . Using Eqs. (19) and (20), Eqs. (10-13) become:
It is worth to note that these equations are invariant under the following rescaling:
where γ is a constant. Therefore, since we impose the conditions at infinity:
we can use this remaining invariance to make C(0) = 1. Thus the equations become eigenvalue equations for e ν(0)
and not for ω. For each field value φ(0) > 0, one can solve the equations and study the behavior of the solutions for different values of the charge q imposing
and looking for ν(0) in such a way that φ be a smoothly decreasing function and approaches zero at infinity. (See also [27] ).
III. CHARGE, RADIUS, MASS AND PARTICLE NUMBER
The locally conserved Noether density current (3) provides a definition for the total charge Q of the system with
Assuming the bosons to have the identical charge q, the total number N can be related to Q by Q = qN , so N is given by as [29] N ≡ 8π
For the mass of the system it has been widely used in the literature the expression (see e.g. [26] [27] [28] )
which follows from the definition M = 4π drr 2 T 0 0 , using Eq. (7). Notice that, however, such a mass does not satisfy the matching condition with an exterior Reissner-Nordström spacetime, which relates the actual mass M * , and charge Q of the system with the metric function λ through the relation
where Q is given by the integral (29) . Thus, the contribution of the scalar field to the exterior gravitational field is encoded in the mass and charge only, see e.g. [9, [26] [27] [28] [29] [30] 41] . The masses M and M * given by Eqs. (31) and (32), respectively, are related each other as
so the difference ∆M ≡ M * − M gives the electromagnetic contribution to the total mass. Using the variables (19) and (20) , Eq. (33) reads
We will discuss below the difference both from the quantitative and qualitative point of view of using the mass definitions (M, M * ) for different boson star configurations. Finally, we define the radius of the charged boson star as
where N is given by the integral (30) . This formula relates the radius R to the particle number N and to the charge q (and also to the total charge Q) [28] . Using the variables (19) and (20), the expressions (29-35) become
Note that M is measured in units of M Pl /m, respectively [26] . We notice that in these units the critical boson charge defined above becomes q 2 crit = 1/2 or |q crit | = 1/ √ 2 ≈ 0.707. Thus, the construction of configurations with boson charge q 2 ≃ 1/2 will be particularly interesting.
IV. NUMERICAL INTEGRATION
We carried out a numerical integration of Eqs. Tables II-V . We pay special attention to the study of zero-nodes solutions.
We found, in particular, that bounded configurations of self-gravitating charged bosons exist with particle charge q ≤ q crit , and for values q > q crit localized solutions are possible only for low values of the central density, that is for φ(0) < 0.3. For instance, for q = 0.8 we found localized zero-nodes solutions only at φ(0) = 0.1. On the other hand, for q > q crit and higher central densities, the boundary conditions at the origin are not satisfied any more and only bounded configurations with one or more nodes, i.e. excited states, could be possible (see also [28] ).
In Sec. IV A, we analyze the features of the metric functions (e ν , e λ ) and the Klein-Gordon field φ. In Sec. IV B we focus on the charge and mass, total particle number and radius of the bounded configuration. Since we have integrated the system (10-13) using the Eqs. (19) (20) , i.e.,
to obtain Eqs. (21) (22) (23) (24) , we may use the asymptotic assumption A(∞) = 0 for the potential so that
Different values of ω are listed in Table I . We recall that the mass M is measured in units of M A. Klein-Gordon field and metric functions
In Fig. 1 , the scalar field φ, at fixed value of the charge q = q crit , is plotted as a function of the radial coordinate r and for different values at the origin φ(0). The shape of the function does not change significantly for different values of the boson charge, i.e, the electromagnetic repulsion between particles has a weak influence on the behavior of φ. In Fig. 2 , the radial function φ is plotted for different initial values at the origin and for different values of the charge q. As expected φ decreases monotonically as the radius r increases. Moreover, we see that for a fixed value of r and of the central density, an increase of the boson charge corresponds to larger values of φ.
In Figs. 3 and 4 the metric function e λ = −g 11 is plotted as a function of the dimensionless radius r for different values of the radial function φ(r) at the origin and for a selected values of the charge q. .
In general, we observe that e λ reaches its maximum value at the value, say, r Max of the radial coordinate. Once the maximum is reached, the function decreases monotonically as r increases and tends asymptotically to 1, in accordance with the imposed asymptotic behavior. For a fixed value of the charge, the value of r Max decreases as the central density increases. Table II provides the maximum values of e λ(r) and the corresponding radial coordinate r Max , for different values of the central density. In the case of a neutral configuration [25] , q = 0, the boson star radius is defined as the value r Max corresponding to the maximum value of e λ(r) = −g 11 . Then, the values of r Max , listed in Table II can be assumed as good estimates of the radius of the corresponding charged configurations. Moreover, in Figs. 4, the coefficient e λ of the metric is plotted as a function of the radial coordinate r for fixed values of the radial function at the origin and different values of the charge q. For a fixed φ(0), an increase in the maximum value of g 11 and of the value of r Max , corresponds to an increase of the boson charge q. At a fixed value of r, the value of the coefficient −g 11 increases with an increase of the central density, reaching the maximum value at φ Max (0) ≃ 0.3. The maximum values of e λ(r) = −g 11 and the corresponding radial coordinate r M ax for different values of the central density.
For a fixed φ(0), an increase of the boson charge q generates an increase of the maximum value of e λ and of the value of the radius r M ax .
B. Mass, charge, radius and particle number
The masses M and M * of the system, in units of M Comparing the plots at different charge values we can see that the presence of charge does not change the behavior qualitatively. However, to an increase of the boson charge values corresponds an increase of M Max , M * Max and N Max , and an increase of the difference (N Max − M Max ) between the maximum number of particles and the mass at a fixed central density. The critical central density value is φ(0) Max ≃ 0.3. This value seems to be independent of the charge values q (see also [46] ).
The radius R, the total charge Q, and the mass M are plotted (in units of 1/m, √ 8πM Pl /m, and M Pl /m 2 ), the charge QMax (in units of √ 8πMPl/m) as functions of φ(0), and the corresponding central density values φ(0)(Max,M) for the mass MMax, φ(0)(Max,N) for particle number NMax, φ(0)(Max,Q) for the total charge QMax are listed for different q. The entries with a star ( * ) do not correspond to maximum values but to the initial points of the numerical integration. (See Fig. 7) for a fixed central density, increases as the charge increases (see Fig. 7 and Table III) .
In Table III the maximum values of the total charge Q Max , for φ Max (0) ≃ 0.3 and for different q are listed. For fixed values of the charge q, the total charge increases with an increase of the central density until it reaches a maximum value for some density φ(0) Max . Then, the value of Q decreases monotonically as φ(0) increases. In this way, it is possible to introduce the concept of a maximum charge Q Max for charged boson stars.
In Fig. 7 , the charge Q is plotted as a function of the central density φ(0) for different values of the charge q. For fixed values of the charge q, the total charge increases with an increase of the central density until it reaches a maximum value for some density φ(0) Max . Then, the value of Q decreases monotonically as φ(0) increases. In this way, it is possible to introduce the concept of a critical charge Q Max for charged boson stars. In Table III the maximum values of the total charge Q Max , for φ Max (0) ≃ 0.3 and for different values of q are listed. Let us note that for a fixed central density, to an increase of the boson charge q corresponds an increase of the maximum Q Max (see Fig. 7 and Table III) . . Note that, for a fixed value of the charge q, the mass, the radius and the charge are always positive and to an increase (decrease) of the total charge there always corresponds an increase (decrease) of the total mass (and total particle number). Both quantities increase as the central density increases and they reach a maximum value for the same density φ(0) Max ≃ 0.3 (see also Table III) . Once the maximum is reached, both quantities decrease monotonically as φ(0) increases.
In Figs For fixed values of the charge q, the ratio R/N , the ratio R/M , and M/N decrease as the central density increases, until they reach a minimum value φ(0) (min,R/N) , φ(0) (min,R/M) , φ(0) (min,M/N) , respectively. After the minimum is reached, all ratios increase monotonically as the central density increases.
In Table IV , the minimum values of R/N , M/N and R/M , M * /N and R/M * and the value of φ min , are given for different values of q. Furthermore, an increase of the boson charge values corresponds a decrease of the minima of the ratios R/N and R/M , and of the corresponding φ min . For a fixed value of the central density φ(0), to a decrease of the boson charge q corresponds an increase of R/N , R/M and R/M * . These ratios decrease as the particle repulsion increases, leading to a minimum value for a given central density. The ratio M/N and M * /N decrease with an increase of the central density until it reaches a minimum value, and then it increases as φ(0) increases. The minimum values of M/N decrease as the charge q increases. On the other side, from Table IV Fig. 9 how the misinterpretation of the mass M as the mass of the system would in principle lead to the conclusion that most of the configurations have positive binding energy, since M/N < 1. Instead, the lower right panel of Fig. 9 shows that indeed most of the configurations have M * /N > 1 and have therefore negative binding. However, it can be also seen from this figure that indeed there are configurations for which despite being in the stable branch, φ(0) ≤ 0.3, their binding energy is positive for some values of the central density. In contrast, the configurations at the critical point, φ(0) ≈ 0.3, and over it, show negative binding energies; this means that objects apparently bound can be unstable against small perturbations, in full analogy with what observed in the mass-radius relation of neutron stars. For a discussion on this issue see, for instance, [10, 47] .
Figs. 10 illustrate the behavior of the ratios Q/M , Q/M * and Q/R in units of √ 8π/M Pl and √ 8πM Pl , respectively, as functions of the central density for different values of the boson charge q. The maximum values of the charge-tomass ratio satisfy the inequality Q/M > Q/M * since M < M * as shown in Fig. 6 . We also note that the inequality Q/M * < q/m is satisfied for all charges q, in particular Q/M * never reaches the critical value q crit /m; a consequence of the non-zero gravitational binding.
To an increase of the central density corresponds an increase of the Q/M (Q/M * ) ratio, until a maximum value is reached. As the boson charge q increases, the values of the maximum of Q/M (Q/M * ) increase. Table V provides the maximum value of the ratios Q/M , Q/M * and Q/R as functions of the central density and for different values of the boson charge q.
The behavior of the total mass M and M * , particle number N and charge Q as functions of the configuration radius R is also shown in Figs. 11, for different values of the charge q. We can note that, for a fixed values of the charge q, the mass, the particle number and the charge, increase as the radius R increases, until a maximum value is reached for the same R Max . Then all these quantities decrease rapidly as R increases. This means that the concept of "critical radius" R Max , together with a critical mass and a critical particle number, for a charged boson star can be introduced. The plots also indicate that the presence of a charge q does not change the qualitative behavior of the quantities. However, the values of M Max and N Max , and of the corresponding values of R Max , are proportional to the value of q. Configurations are allowed only within a finite interval of the radius R. The values of the minimum and maximum radii are also proportional to the value of the boson charge q. The critical central density φ(0) ≃ 0.3 represents a critical point of the curves. Configurations for φ(0) > 0.3, are expected to be unstable, see [26, 28] . It is interesting to notice that for small values of the radius, there is a particular range at which for a specific radius value there exist two possible configurations with different masses and particle numbers. This behavior has also been found in the case of neutral configurations and is associated with the stability properties of the system. Finally, we illustrate the behavior of the physical quantities for a fixed value of the charge q in Fig. 12 . correspond configurations with larger radius. The ratio Q/(RM ) and Q/(RM * ) and increases as φ(0) increases.
V. CONCLUSIONS
In this work we studied spherically symmetric charged boson stars. We have solved numerically the EinsteinMaxwell system of equations coupled to the general relativistic Klein-Gordon equations of a complex scalar field with a local U (1) symmetry.
As in the case of neutral boson stars and previous works on charged configurations, we found that it is possible to introduce the concepts of critical mass M Max and critical number N Max . It turns out that the explicit value of these quantities increases as the value of the boson charge q increases. In previous works [26, 28] , it was shown that charged configurations are possible for q < q crit ≡ 1/2 (in units of √ 8πm/M Pl ). We performed a more detailed analysis and determined that bounded charged configurations of self-gravitating bosons are possible with a particle charge q = q crit , and even for higher values localized solutions can exist.
We compared and contrasted both from the qualitative and quantitative point of view the function M given by Eq. (31), often misinterpreted as the mass of a charged system, with the actual mass M * , related to M by Eq. (33), which allows a correct matching of the interior solution at the surface with the exterior Reissner-Nordström spacetime.
By means of numerical integrations it is possible to show that for q > q crit solutions satisfying the given initial conditions, without nodes are possible only for small values of the central density smaller than the critical value φ(0) ≈ 0.3 (see e.g. Fig. 14) . On the other hand, for q > q crit and higher central densities the boundary conditions for zero-node solutions at the origin are not satisfied and only bounded configurations with one or more nodes could be possible.
We established that the critical central density value corresponding to M Max (M *
Max
) and N Max is φ(0) Max ≃ 0.3, independently of the boson charge q. The critical total mass and number of particles increase as the electromagnetic repulsion increases [28] (see [48, 49] , and also [13, 50, 51] , for a recent discussion on the charge-radius relation for compact objects). The total charge of the star increases with an increase of the value of the central density until it reaches a maximum value at φ(0) = φ(0) Max ≃ 0.3. As φ(0) continues to increase, the charge Q decreases monotonically. In this manner, the concept of a critical charge Q Max for charged boson stars can be introduced in close analogy to the concept of N Max . In this respect, the value φ(0) ≃ 0.3 plays the role of a point of maximum of the electromagnetic repulsion (as a function of the central density).
In order to have a better understanding of these systems for φ ≃ φ(0) Max , we studied the behavior of φ and g 11 as functions of φ(0) and the radial coordinate r. The density φ increases with larger values of q, at fixed r and fixed central density. For a fixed value of the boson charge, g 11 reaches a maximum value corresponding to a value r Max of the radial coordinate. After this maximum is reached, it decreases monotonically with an arbitrary increase of r. The maximum value of g 11 depends on the value of the central density and of the coupling constant q. However, this maximum is bound and reaches its highest value for φ Max (0) ≃ 0.3.
The radius R and the ratios while M/N decreases always with q. In particular M * /N increases with q until the central density reaches a point φ(0) ≈ 0.75, at which the lines M * /N at different charges match and then M * /N turns out to be a decreasing function of q.
The maximum values of the charge-to-mass ratio satisfy the inequality Q/M * < q/m for all charges q, in particular Q/M * never reaches the critical value q crit /m. The contrary conclusion would be reached if the misinterpreted mass M were used since the inequality Q/M > Q/M * is satisfied, i.e. the charge-to-mass ratio Q/M indeed attain values larger than q crit /m (see e.g. Fig. 10 ). To summarize, we found that all the relevant quantities that characterize charged boson stars behave in accordance with the physical expectations. Bounded configurations are possible only within an interval of specific values for the bosonic charge and the central density. In this Appendix we shall focus on electrically neutral configurations exploring in particular their global proprieties: mass, radius and total particle numbers. Neutral boson stars are gravitationally bound, spherically symmetric, equilibrium configurations of complex scalar fields φ [25] . It is possible to analyze their interaction by considering the field equations describing a system of free particles in a curved space-time with a metric determined by the particles themselves.
The Lagrangian density of the gravitationally coupled complex scalar field φ reads
where m is the boson mass, φ * is the complex conjugate field (see, for example, [25, 35, 36] ). This Lagrangian is invariant under global phase transformation φ → exp (iθ) φ where θ is a real constant that implies the conservation of the total particle number N .
Using the variational principle with the Lagrangian (A1), we find the following Einstein coupled equations
with the following Klein-Gordon equations
for the field φ and its complex conjugate φ * . The symmetric energy-momentum tensor is
and the current vector is
The explicit form of Eq. (A3)
The initial and boundary conditions we impose are
in order to have a localized particle distribution and
to get asymptotically the ordinary Minkowski metric (A22), and to satisfy the regularity condition (A23). We calculate the mass of system as
where the density ρ, given by T 0 0 , is
The particle number is determined by the following normalization condition
which, using Eq. (A6), becomes
The mass M is measured in units of M In the numerical analysis we obtain a maximum value of g 11 from which we determine the "effective radius" R eff of the distribution as the radius, r g Max
11
, corresponding to the maximum of g 11 [25, 29] . We carried out a numerical integration for different values of the radial function R at the origin. We give some numerical values in Table VI . We R (0) ω mc of the radial coordinate corresponding to the maximum of g11. The minimum g00 is attained at the origin.
have fixed some values for R at the origin and a random value for the eigenvalue ω. We solved all the three equations simultaneously, looking for the value of ω for which the radial function decreases exponentially, reaching the value zero at infinity. We have plotted some results in Fig. 15 and in Figs. 16,17 and 18 where the profiles are shown in terms of the radial variable. The mass at infinity and the total number of particle always stays positive. To an increase (decrease) of the number of particles always corresponds an increase (decrease) of the mass at infinity (see Fig. 19 ). The concept of critical mass is introduced since the total particle number and the mass at infinity (as a function of the central density, see Fig. 19 ) reaches a maximum value N Cri = 0.658438M 
For further details, see also [44] . 
